Abstract. Given a saturated fusion system F on a finite p-group S we define a ring A(F ) modeled on the Burnside ring A(G) of finite groups. We show that these rings have several properties in common. When F is the fusion system of G we describe the relationship between these rings.
Introduction
Let G be a finite group. The category of finite G-sets is closed under formation of disjoint unions X ⊔ Y and products X × Y . The set of isomorphism classes of finite G-sets therefore forms a commutative monoid under the operation ⊔. Its Grothendieck group completion is denoted A(G). Disjoint unions (coproducts) of G-sets distribute over products whence products of G-sets render A(G) a commutative ring. This is the Burnside ring of G, and it is one of the fundamental representation rings of G (see [1] for a survey on the subject).
A finite group G and a choice of a Sylow p-subgroup S in G give rise to a fusion system F S (G) over S. This is a small category whose objects are the subgroups of S and it contains all the p-local information of G. The more general concept of a "saturated fusion system F on a finite p-group S" was introduced by Lluis Puig (e.g. in [9] .) It will be recalled in Section 2. A saturated fusion system F over S is associated with an orbit category O(F), see e.g. [3] , [9, §4] and Definition 2.5. Even when F is the fusion system of a finite group G, O(F) is very different from O G or any of its subcategories.
Let O(F c ) be the full subcategory of O(F) generated by the F-centric subgroups. The additive extension of O(F c ), denoted O(F c ) ⊔ was defined in [8] . Informally, this is the category of finite sequences in O(F1.4. Theorem. Let S be a Sylow p-subgroup of a finite group G and let F denote the associated fusion system. Then the rings A(F) (p) and A p -cent (G) (p) are isomorphic.
1.5. Notation. If X, Y are objects in a category C we denote the set of morphisms X → Y by C(X, Y ). When C is equal to a fusion system F or to its orbit category O(F), we will also use the standard notation Hom F (X, Y ) and Hom O(F ) (X, Y ) which is widespread in the literature.
Organisation of the paper. In §2, we introduce saturated fusion systems and we define the associated Burnside ring. We also set up some notation and prove some basic results. In §3, we consider the analogue of the "table of marks". Then we study both the rational and p-local versions of the Burnside ring. We conclude this section by analyzing the relation to the classical Burnside ring for saturated fusion systems induced by finite groups. In §4, we compute some examples. In particular, we describe the Burnside rings of the Ruiz-Viruel saturated fusion systems [11] .
Saturated fusion systems and their Burnside ring
A fusion system F on a finite p-group S is a category whose objects are the subgroups of S, and whose morphism sets Hom F (P, Q), where P, Q ≤ S, consist of group monomorphisms which satisfy the following two conditions: (a) The set Hom S (P, Q) of all the homomorphisms P → Q which are induced by conjugation by elements of S is contained in Hom F (P, Q). In particular all the inclusions P ≤ Q are morphisms in F. (b) Every morphism in F factors as an isomorphism in F followed by an inclusion.
It easily follows that ϕ : P → Q in F is an isomorphism in F if and only if it is an isomorphism of groups. In this case we say that P and Q are F-conjugate. Another consequence is that the endomorphisms of every object of F are automorphisms and we write Aut F (P ) for Hom F (P, P ).
Fusion systems form a convenient framework to study the p-local structure of finite groups. Let G be a finite group. For subgroup H, K ≤ G denote
Every element g ∈ N G (H, K) gives rise to a group monomorphism c g : H → K where c g (h) = ghg −1 . That is, c g is a restriction of the inner automorphism c g of G to H and K.
A Sylow p-subgroup S of G gives rise to a fusion system F S (G) over S. Its objects are the subgroups of S. The morphisms P → Q in F S (G) for P, Q ≤ S are the group monomorphisms c g : P → Q for all g ∈ N G (P, Q). That is, the set of morphisms P → Q in F S (G) is N G (P, Q)/C G (P ). The fusion system F S (G) satisfies several crucial axioms which lead L. Puig to consider the class of saturated fusion systems.
Definition ([3]
). Let F be a fusion system over a p-group S. A subgroup P ≤ S is called fully centralized in
The fusion system F is called saturated if the following two conditions hold: (I) If P ≤ S is fully normalized then it is fully centralized and Aut S (P ) is a Sylow p-subgroup of Aut F (P ). (II) For every P ≤ S and ϕ ∈ Hom F (P, S) set
The fusion system F = F S (G) associated to a finite group G is saturated by [3, Proposition 1.3].
2.2. Definition. Let F be a fusion system over a p-group S. A subgroup P ≤ S is F-centric if P and all its F-conjugates contain their S-centralizers.
Note that P is F-centric if and only if C S (P ′ ) = Z(P ′ ) for any P ′ ≤ S which is F-conjugate to P . In particular if P is F-centric then all its F-conjugates are fully centralized in F. In addition any subgroup of S which contains P must also be F-centric.
The collection of the F S (G)-centric subgroups has another description.
is a subgroup of C G (P ) of order prime to p which is generated by the elements of C G (P ) of order prime to p.
It is easy to see that P ≤ S is F S (G)-centric if and only if it is p-centric in G.
The following result will be useful later.
2.4. Proposition. Let F be a saturated fusion system over S and let P, Q ≤ S be F-centric subgroups. Consider a morphism ϕ : Q → P in F and an element s ∈ N S (Q) such that c x • ϕ = ϕ • c s for some x ∈ P . Then there exists a subgroup Q ′ ≤ S and a morphism ϕ ′ :
Proof. Set Q ′ = Q, s . By [9, Theorem 3.8] there exists a morphism ψ ∈ F(Q ′ , S) which extends ϕ : Q → S. Now, ψ • c s • ψ −1 = c ψ(s) as elements in Aut F (ψ(Q ′ )) and by restriction to ϕ(Q) we see that
This shows that ψ restricts to a morphism ϕ ′ ∈ F(Q ′ , P ) which extends ϕ.
2.5. Definition. The orbit category O(F) of a fusion system F over S has the same object set as F and the set of morphisms P → Q is the set Hom F (P, Q) modulu the action of Inn(Q) by postcomposition. The category F c is the full subcategory of F on the set of the F-centric subgroups. The category O(F c ) is the full subcategory of O(F) on the object set of F c .
The morphisms P → Q in O(F) will be denoted by [ϕ] for some ϕ :
in O(F) if and only if there exists some x ∈ Q such that ψ = c x • ϕ as morphisms in F. It is easy to see that every endomorphism of P in O(F) is an isomorphism and we write Out F (P ) for the automorphism group of P in O(F).
2.6. Proposition (Puig, [9, Corollary 3.6] ). Let F be a saturated fusion over S. Then every morphism in O(F c ) is an epimorphism (in the category-theory sense.)
Fix a saturated fusion system F over S and let C denote O(F c ). With the notation in 1.5 we observe Out F (K) = C(K, K) = Aut C (K) acts on C(K, P ) for any F-centric subgroups K, P ≤ S. In particular, Out S (K) whose elements are denoted [c s ] for s ∈ N S (K), acts on C(K, P ) and the set of orbits is denoted
2.7. Proposition. Let F be a saturated fusion system over S and let C denote O(F c ). Consider F-centric subgroups K, P ≤ S and let H be the subgroup of S which is generated by K and some s ∈ N S (K). Then there is a bijection C(H, P ) ≈ C(K, P )
[cs] which is induced by the assignment
. It is injective because by Corollary 2.6 the inclusion K ≤ H is an epimorphism in C.
If
. This shows that r is also surjective.
As a corollary we obtain the next result, see also [9, 4.3.2] .
Proof. Use induction on n = |P ′ : P |, the case n = 1 being trivial. Choose Q ≤ P ′ which contains P and |Q : P | = p. By Proposition 2.7, C(Q, P ′ ) ≈ C(P, P ′ )
Q/P and since Q/P ∼ = Z/p these sets have the same number of elements modulo p. By induction hypothesis |C(Q, P ′ )| = | Out F (P ′ )| mod p and the result follows.
As before let C denote O(F c ). The additive extension of C, denoted C ⊔ is defined as follows. LetĈ denote the category of contravariant functors C → Sets. Then C embeds as a full subcategory ofĈ via the Yoneda embedding P → C(−, P ). Then C ⊔ is the full subcategory ofĈ consisting of the functors F : C op → Sets which are isomorphic to n i=1 C(−, P i ) for some n ≥ 0 and some P 1 , . . . , P n ∈ C. We will write P 1 ⊔ · · · ⊔ P n for this functor. By construction C ⊔ is equipped with coproducts of finitely many objects. In fact C ⊔ contains C as a full subcategory and every object of C ⊔ is isomorphic to the coproduct of finitely many objects in C. Moreover, for any
Compare this with [8] . One observes that if for every P, Q ∈ C there are objects
which distributes over the coproduct, namely
This is the content of Puig's result in [9, Proposition 4.7] . Together with [9, Remark 4.6] we obtain the proposition below. See also the remark following it.
2.9. Proposition. Let F be a saturated fusion on S and let
The A i 's are described as follows. Given P, Q ≤ S as above, let K P,Q denote the set of all the morphisms
. Then set K P,Q is partially ordered by the relation of extension. The set of maximal elements of K P,Q under this relation is denoted
Ax is an F-centric subgroup of P and we define an element
where c x :
There results an action of P on K P,Q which is easily seen to be order preserving. In particular P acts on the finite set K − − → Q give the structure maps P × C Q → P and P × C Q → Q.
Note that the set of isomorphism classes of the objects of C ⊔ form an abelian monoid with respect to the coproduct.
2.11. Definition. The Burnside ring A(F) of a saturated fusion system F on S is the group completion of the monoid of the isomorphism classes of the objects of
The product in the ring is induced from the product × C in C ⊔ .
It is clear that the underlying abelian group of A(F) is free with one generator for every F-conjugacy class of an F-centric subgroup P ≤ S which we denote by [P ] . The product on basis elements [P ] and [Q] is given by
Properties of the Burnside ring
We shall now fix a saturated fusion system F over S and let C denote O(F c ); See Definition 2.5. We shall write [C] for the set of the isomorphism classes of the objects of C, that is, [C] is the set of the F-conjugacy classes of the F-centric subgroups of S. The elements of [C] are denoted [P ] for an F-centric P ≤ S. Obviously, [C] is a finite set.
We now consider the ring [C] Z. As an abelian group it is free with the set [C] as a natural choice of a basis. Thus, every element in [C] Z has the form
and we shall sometimes abbreviate by writing (n Q ) for this element. The product in this ring is defined coordinate-wise, namely (n Q ) · (m Q ) = (n Q m Q ).
As an abelian group A(F) = ⊕ [C] Z and we let [C] be a basis. By determining its values on basis elements, we obtain a homomorphism of groups
In fact, this is a ring homomorphism because for every P, Q ∈ C and every H ∈ C we have |C(H,
Thus, the homomorphism Φ is represented by a matrix m whose entries are
In the language of tom-Dieck, this is the analogue of the " 
The rational Burnside ring. We shall use the symbol Q ≃ F P for the statement that Q and P are F-conjugate subgroups in a fusion system F.
3.2.
Proposition. Let F be a saturated fusion system over S and let C denote O(F c ). Then, for every F-centric subgroups Q, P ≤ S
Proof. Consider the action of P on F(Q, P ) by conjugation. The stabiliser group
is the set of orbits of P in this action, so by the "orbit-stabilizer property"
The assignment ϕ → ϕ(Q) defines a surjective function
The fibre of this function over an element T is clearly Iso F (Q, T ) which is, in turn, equipotent to Aut F (Q). Therefore |F(Q,
Combining this with (1) yields the result.
Let P be a finite poset. The Möbius function of P is a function µ : P × P → Z which is defined recursively by the requirement that µ(a, b) = 0 unless a ≤ b and the following equivalent equalities hold for any a ≤ b, a≤c≤b µ(a, c) = δ a,b , and
where δ is the Kronecker delta function (See e.g. Solomon [12] or Rota [10] .) The set of F-centric subgroups of S forms a poset and we let µ F denote its Möbius function. Using the homomorphism (3.1) we are now ready to describe the the rational Burnside ring of F, cf. e.g. Solomon [12] , Gluck [7] or [14] .
3.3. Theorem. Let F be a saturated fusion system over S and let [C] denote the set of the F-conjugacy classes of the F-centric subgroups of S. Then Q ⊗ Φ is an isomorphism of rings Q ⊗ A(F) ≈ [C] Q. In particular Q ⊗ A(F) is a semisimple algebra with one primitive idempotent e P for every element [P ] of [C]. In fact, using [C] as a basis for Q ⊗ A(F),
The summation is over Q ≤ P such that Q ∈ F c .
Proof. Consider the ring homomorphism Φ defined in (3.1). We have already remarked that by appropriately ordering the elements of 
Here we used the fact that if T ≃ F Q then T is F-centric, hence so is every subgroup H ≤ S containing T . By the recursive relation of µ F and Proposition 3.2 we see that (1) is equal to
The p-local Burnside ring. We shall now study A(F) (p) = Z (p) ⊗ A(F) and prove that it has a unit.
We denote O(F c ) by C and let [C] denote the set of the isomorphism classes of its objects. Consider Φ from (3.1) and denote Φ (p) = Z (p) ⊗ Φ. Clearly, its domain A(F) (p) and codomain [C] Z (p) are free Z (p) -modules with basis [C].
3.4. Theorem. Let F be a saturated fusion system over S. For F-centric subgroups H, K ≤ S such that K is fully normalized in F set 
In addition let d be the diagonal matrix whose diagonal entries are
We now note that if K and K ′ are F-conjugate subgroups of S which are fully normalized in F, then axiom (I) of saturation (Definition 2.1) and Sylow's theorems imply that there is an isomorphism ψ :
. This shows that the definition of n, t and d is independent of our choice of the fully 
by Proposition 2.7
[cs]∈OutS (K)
We now prove that every element in the image of Φ (p) satisfies the congruences (1). By linearity it suffices to prove this for elements of the form
which we now denote by (y H ) ∈ [C] Z (p) , that is y H = |C(H, P )|. For every K ≤ S which is fully normalized in F we have seen that it may be assumed to be the representative of [K] in the definitions of m, n, t and d and therefore Claim 2 implies
That is, (y H ) = Φ (p) ([P ]) satisfies the congruence (1).
Conversely, assume that (y H ) ∈ [C] Z (p) satisfies all the congruences (1). We view (y H ) as a column vector and note that satisfying these congruences is equivalent to the existence of a column vector
Since n and t are invertible by Claim 1, we deduce from Claim 2 that
because the matrix m represents Φ (p) . This completes the proof.
3.5. Corollary. Let F be a saturated fusion system over S. Then A(F) (p) is a commutative ring with a unit. More precisely, let C denote O(F c ) and [C] the set of isomorphism classes of its objects. Then Φ (p) embeds A(F) (p) as a subring of [C] Z (p) and moreover, the cokernel of Φ (p) is a finite abelian p-group. Furthermore the unit of [C] 
Proof. First, ker Φ (p) is a free Z (p) -module because it is a submodule of the free Z (p) -module A(F) (p) (note that Z (p) is a principal ideal domain.) Similarly coker Φ (p) is a finitely generated Z (p) -module. Since Q ⊗ − is an exact functor, Theorem 3.3 implies that ker Φ (p) = 0 and that coker Φ (p) must be a finite abelian p-group. In particular A(F) (p) is a commutative ring because [C] Z (p) is commutative. Now we apply Theorem 3.4 to show that the unit (1)
c which is fully normalized we have
because every subgroup of S which contains Q must be F-centric. The prime spectrum. We shall now study the set of the prime ideals of A(F) (p) .
Here it is subsumed in the definition of prime ideal that a prime ideal is strictly included in the ring. The prime spectrum of the Burnside ring of a finite group was determined by Dress [6] . Here we describe the prime spectrum of the p-localized Burnside ring A(F) (p) of a saturated fusion system F. Throughout we shall fix a saturated fusion system F over S and let C denote O(F c ). The F-conjugacy class of an object H ∈ C is denoted [H] and we let [C] denote the collection of these classes. Clearly C is a poset under inclusion of groups and [C] is a poset as well.
3.7. Definition. Let [H] be an F-conjugacy class of some H ∈ C and let q denote either the integer p or 0. Define p [H] ,q as the kernel of the ring homomorphism
which we denote by π [H],q .
We observe that the homomorphism in 3.7 must be surjective because A(F) (p) is a unital ring by Corollary 3.5. Its image is therefore either Z (p) or F p , whence
Our next result is that these are the only prime ideals of A(F) (p) . Recall that an additive basis for A(F) (p) is the set [C].
3.8. Proposition. Let p be a prime ideal in A = A(F) (p) and let q be the characteristic of A/p. Then 
From the minimality of H we now deduce that
and since A/p is an integral domain with a unit, 
Proposition. The following holds in
where S is the Sylow of F. 
Proof. (a) One implication is trivial. Assume that
which must be an isomorphism, whence Z ≤ A(G).
The double coset formula implies that A(G; H) is an ideal in A(G) if H is closed to formation of subgroups. For example, the collection S p (G) of all the p-subgroups of G has this property and it defines an ideal The arrow at the bottom is induced by multiplication by η which is an isomorphism of Z (p) -modules because the |C
Proof. We apply Theorem 3.4, that is, we show that for every K ≤ S which is F-centric (equivalently, K is p-centric) and fully normalized in F, the following congruence hold
In this sum only the terms where, up to F-conjugacy, K ≤ H ≤ N S (K) and H/K is cyclic show up because the numbers n(K, H) vanish for all other H's. Now fix some s ∈ N S (K). Clearly N S (K) normalizes C G (K) and it therefore normalizes the characteristic subgroup C ′ G (K). Thus, N S (K)/K acts via conjugation on C ′ G (K) and for any s ∈ N S (K) the group s, K is p-centric because it contains K.
namely, these are the fixed points of s in its action on C ′ G (K). Using Frobenius's formula, 
Examples
The Burnside ring of a finite group is an algebraic invariant which does not characterize the isomorphism type of the group: Thévenaz constructed in [13] two non-isomorphic groups G 1 ≇ G 2 with isomorphic Burnside rings.
4.3.
Proposition. Let S be a finite p-group and let F 1 ⊆ F 2 be saturated fusion systems on S. Assume that the following hold for any P ≤ S which is F 2 -centric.
(i) The conjugacy class of P in F 2 is equal to its conjugacy class in F 1 .
(ii) |Aut F2 (P ) : Aut F1 (P )| = 1 mod |R| where R ≤ Out F1 (P ) is a Sylow psubgroup. Moreover, if Aut F1 (P ) = Aut F2 (P ) then P is minimal with respect to the property that it is F 2 -centric.
Then the Z (p) -submodule I of A(F 1 ) (p) generated by the elements [P ] such that P ≤ S is F 1 -centric but not F 2 -centric, is an ideal in A(F 1 ) (p) and moreover,
Proof. Let C 1 and C 2 denote the sets of the conjugacy classes of the F 1 -centric and 
. By hypothesis (i) there is a natural inclusion C 2 ⊆ C 1 , whence a ring epimorphism
Conversely consider an element x = [P ]∈C1 α P [P ] in A(F 1 ) and assume that it is not in I. Then α Q = 0 for some [Q] ∈ C 2 and we choose Q of maximal order with this property. Recall that Φ 1 (x) is a function C 1 → Z (p) and the maximality of P implies that
This shows that x / ∈ ker(π • Φ 1 ). We deduce that I = ker(π • Φ 1 ). Q.E.D.
From the claim it follows that I ⊳ A (p) (F 1 ) and that Im(π
(p) and it remains to prove that it is equal to the image of Φ 2 which is isomorphic to A (p) (F 2 ) by Corollary 3.5 .
Let P 1 , . . . , P k be representatives for the F 2 -conjugacy classes of minimal F 2 -centric subgroups of S. By hypothesis (ii)
where ζ i = 1 mod |R i | where R i is a Sylow p-subgroup of Out F1 (P i ) and also of Out F2 (P i ). The equality of the F 1 -and F 2 -conjugacy classes of P i together with Proposition 3.2 also implies that for any
For every P i we consider
and it is zero otherwise. Similarly It follows immediately that f − g ∈ U . This completes the proof that Im(Φ 2 ) = Im(π • Φ 1 ).
4.4.
Example. We recall from [4, Proposition 5.3] a useful method to construct saturated fusion systems. We start with any fusion system F S (G) of a finite group and fix subgroup Q 1 , . . . , Q m of S such that Q i is not subconjugate to Q j if i = j.
To avoid triviality we assume that Q i = S. We set K i ≤ Out G (Q i ) and fix ∆ i ≤ Out(Q i ) which contain K i . We assume that p ||∆ i : K i |. We also assume that Q i is p-centric in G but for any P Q i there exists some α ∈ ∆ i such that α(P ) is not p-centric in G. Furthermore, we assume that for any α ∈ ∆ i \K i the order of K i ∩ K α i ≤ ∆ i is prime to p. Then the fusion system F generated by F S (G) and [5] . We claim that in all these cases Proposition 4.3 applies to the inclusion F S (G) ≤ F.
To see this observe that the conditions under which the construction of F is carried out guarantee that the Q i 's are minimal F-centric subgroups. Thus, the F-centric subgroups are the F S (G)-centric subgroups which are not subconjugate to one of the Q i 's. From the construction it is clear that the F-conjugacy class of any F-centric P ≤ S is equal to its conjugacy class in F S (G). It is also clear that only the automorphism groups of the Q i 's are altered in the passage from F S (G) to F and they are minimal F-centric by construction. Thus it only remains to prove that |∆ i : K i | = 1 mod |R i | where R i is a Sylow p-subgroup of K i . Fix some α ∈ ∆ i \K i . By hypothesis the order of K i ∩ K α i is prime to p and therefore R i ∩ R α i = 1. As a consequence, since Q i = S so R i = 1, we see that N ∆i (R i ) = N Ki (R i ).
We now let R i act by conjugation on Syl p (K i ) and on Syl p (∆ i ). It is clear that Syl p (K i ) ⊆ Syl p (∆ i ) and both consists of the K i -and ∆ i -conjugates of R i . If R α i is not contained in K i then then its stabilizer is It follows that
This shows that all the conditions of Proposition 4.3 are fulfilled for the inclusion F S (G) ≤ F and therefore A (p) (F) is a quotient ring of A (p) (F S (G)). For example, all the fusion systems listed in the [3, Example 9.3] have the same p-local Burnside ring as the fusion system of the groups Γ ⋊ A appearing in their construction.
